The puzzling existence of a number of neutron stars that appear to be in the r-mode instability window supports further investigations of the r-mode frequencies, damping times and saturation amplitudes, especially now in light of the much anticipated and exciting results from LIGO and NICER. It has been suggested by Mahmoodifar and Strohmayer that coherent frequencies found in the RXTE data of the accreting millisecond pulsar XTE J1751-305 and during the 2001 superburst of 4U 1636-536 (one of the accreting sources to be observed by NICER) could, in fact, be r-modes. Based on these observations, we expand here the results of a previous work on relativistic, rotational and differential rotation corrections to the r-mode frequency in order to provide more accurate estimates of the M − R relation for these neutron stars. Finally, we compare our results with predictions from a few realistic tabulated equations of state, providing further constraints that favor more compact models. We find that, if the observed frequencies indeed correspond to r-modes, then the masses of XTE J1751-305 and 4U 1636-536 should lie in the approximate ranges 1.48 − 1.56M ⊙ and 1.60 − 1.68M ⊙ , respectively.
INTRODUCTION
It is an exciting time to work with neutron stars and gravitational waves. After the confirmed detection of 4 binary black hole mergers (Abbott et al. 2016a (Abbott et al. ,b, 2017b , the first detection of gravitational waves from a binary neutron star merger by LIGO and Virgo has initiated the age of multimessenger astronomy with gravitational waves and it has already provided some preliminary constraints on the neutron star equation of state (Abbott et al. 2017d) . Moreover, the launch of the NICER mission last July (Arzoumanian et al. 2017) increases the expectations for the determination of masses and radii of the primary target neutron stars with both high precision and accuracy.
Neutron stars have long been proposed as sources of gravitational waves, but not only in binaries. Oscillation modes of rotating neutron stars are subject to the CFS instability (Chandrasekhar 1970; Friedman & Schutz 1978) and r-modes, in particular, are unstable even for slowly rotating stars. The r-modes are coupled to the emission of gravitational waves, and their amplitude will increase until it reaches a certain saturation amplitude, which is still the topic of much debate. The comparison between the rmode growth timescale and the stellar fluid viscosity damp-⋆ E-mail: cecilia.chirenti@ufabc.edu.br ing timescale shapes the instability window in the periodtemperature diagram.
According to the usual picture, the r-mode instability will be activated if a neutron star happens to enter the instability window, and then the star will quickly radiate gravitational waves that will take away its extra angular momentum until the star is once again out of the instability window. This mechanism has also been proposed as a possible explanation for the observed periods of pulsars. However, it is a puzzling observational fact that there are a few neutron stars that seem to be inside the window (Mahmoodifar & Strohmayer 2017b ). More precise calculations of the r-modes and their instability window are needed in order to help explain these observations.
Another interesting piece of the puzzle comes from the observation by Mahmoodifar and Strohmayer of coherent oscillations in the spectra of XTE J1751-305 (Strohmayer & Mahmoodifar 2014a ) and 4U 1636-536 (Strohmayer & Mahmoodifar 2014b) . Their frequencies are tantalizingly close to the Newtonian estimate for the r-mode frequency of these stars. Strohmayer & Mahmoodifar (2014a) suggested that possible identifications of the observed frequency include rotationally modified g-modes or alternatively an inertial mode or core r-mode modified by the presence of a solid crust. However, the r-mode amplitude derived from the observed modulation amplitude would lead to a spindown rate too large to be consistent with the observations. The spin evolution of XTE J1751-305 was rediscussed by Andersson et al. (2014) , who concluded from their analysis of different r-mode scenarios (stable/unstable and saturated/unsaturated) that the presence of an r-mode with the large amplitude suggested by Strohmayer & Mahmoodifar (2014a) cannot be reconciled with the observed spin-up of the star during the outburst and must therefore be considered unlikely. However, it has also been suggested by Lee (2014) that the frequency could be a surface g-mode or rmode, and alternatives like unstable toroidal crust modes or the amplification at the surface of a core r-mode with a lower amplitude were also discussed.
In a previous work (Jasiulek & Chirenti 2017) we have carefully calculated the corrections to the r-mode frequencies taking into account relativist and rotational effects in fast rotating neutron stars, also including a possibly strong differential rotation. These results were obtained in the relativistic Cowling approximation (that neglects all metric perturbations), by numerically solving the linear perturbation equations in the fixed stellar background and extending to fast rotation our previous results calculated in the slow rotation approximation .
In the present paper we improve on our previous results by proposing a method to estimate the error due to the Cowling approximation, and extending our calculations for stars with different radii. We use our improved results to estimate allowed mass ranges for XTE J1751-305 and 4U 1636-536, given a representative range for the neutron stars' radius (Miller & Lamb 2016) , and allowing the stars to have a small differential rotation (compatible with what is expected from glitch models (Link 2014) ). Our analysis is an improvement of the work presented in Andersson et al. (2014) , which used as a first approximation the fully relativistic calculation of the r-mode frequency for slowly rotating uniform density stars from Lockitch et al. (2003) with the second order rotational corrections calculated for fast rotating Newtonian polytropes given in Lindblom et al. (1999) . This paper is organized as follows. In Section 2 we briefly discuss some of the current expectations for the determination of neutron stars masses and radii, and how the r-mode observations can also be used for this purpose. The most relevant corrections to the r-mode frequency are reviewed in Section 3. We present our numerical results for the mass-radius constraints in Section 4 and our final conclusions in Section 5.
DETERMINATION OF NEUTRON STAR
MASSES AND RADII
Current data and expectations
Determinations of neutron star masses in binary systems have provided the most precise and reliable mass estimates so far (Miller & Lamb 2016 Lattimer & Steiner (2014a,b) , respectively). We will take this as our representative range for the neutron star's radius. Precise determinations of the mass M and radius R for several neutron stars would be enormously helpful to rule out models and equations of state, but systematic errors could render results unreliable (even if they are formally statistically precise) (Miller & Lamb 2016) . The NICER mission is expected to provide both precise and accurate measurements of (M, R) for 4 nonaccreting main target stars. Right now, NICER is already installed on the international space station and taking data (Arzoumanian et al. 2017) . First results could come out in the next several months (Bogdanov et al. 2017 ).
The NICER team will also study bursting sources, including 4U1636-536 (Mahmoodifar & Strohmayer 2017a ). However, any (M, R) information from this type of source will likely take considerably longer to generate from the data. That is because, unlike the expectations for non-accreting sources, analyses of bursting sources will require many separate data sets (a few per burst).
Further in the future, third generation gravitational wave detectors such as the Einstein Telescope (Punturo et al. 2010) or the Cosmic Explorer (Abbott et al. 2017a ) could probe tidal effects in the gravitational wave signal of the inspiral of binary neutron star mergers, also providing information on the equation of state (Hinderer et al. 2010) . (If the binary is highly eccentric, even characteristic modes of oscillation could be excited during the inspiral with enough amplitude for detection ), and universal relations could then be used to solve the inverse problem (Chirenti et al. 2015) .)
Preliminary constraints on the tidal deformability parameters of the neutron star have already been recently proposed by the analysis of the first binary neutron star merger event, GW170817, and seem to favor softer equations of state (see fig. 5 of Abbott et al. 2017d ).
ACCURATE MODELS FOR THE R-MODE FREQUENCIES

Estimates for M and R from the r-mode frequencies
Here we will follow a different route from Section 2 and try to obtain constraints on the mass and radius of two neutron stars based on their (possibly) observed r-mode frequencies. If the frequencies reported by Strohmayer & Mahmoodifar (2014a,b) indeed corresponded to an r-mode, we can improve the approach used by Andersson et al. (2014) to estimate their masses and radii. In our previous work (Jasiulek & Chirenti 2017) , we solved the linear perturbation equations in the Cowling approximation and obtained for the ℓ = m = 2 r-mode frequency in the rotating frame,
where Ω = 2π f is the angular velocity of the star,ρ is the average density of the star, κ 0 is the value in the slow rotation approximation, κ 2 is the rotational correction and κ 3 is a correction that arises if we allow the neutron star to have differential rotation, which we included in the form of the j-constant law (Komatsu et al. 1989a,b) . We found in (Jasiulek & Chirenti 2017 ) that the κ i corrections to κ are functions of the compactness M/R, and we expect them to be approximately independent of the equation of state (Idrisy et al. 2015) .
Therefore, if σ R and Ω are both determined observationally, we can use a representative range for the neutron star radius to solve eq. (1), or an improved version of it, for the mass of the star.
Going beyond the Cowling approximation
The most obvious and important improvement that is needed is to go beyond the Cowling approximation. In Jasiulek & Chirenti (2017) we presented a first direct computation of the error in the r-mode frequencies due to the Cowling approximation. This was done by extrapolating our numerical results, obtained for fast rotating relativistic polytropic stars in the Cowling approximation, to f → 0 (which gives the κ 0 term in eq. (1)) and comparing with the fully relativistic (non-Cowling) results calculated in the slow-rotation approximation (see eq. (70) from Idrisy et al. 2015) . We found that the error increases with compactness, ranging from 6% to 11% in the models we considered.
In Fig. 1 we present a first improvement in our extrapolation for the slow-rotation case, given by the lower dashed curve, where we used mode recycling to get more precise results for the r-mode frequencies. The upper dashed curve shows κ 0 calculated in full general relativity by Idrisy et al. (2015) . The difference between the two dashed curves gives the error due to the Cowling approximation in the slowrotation limit.
So far there is no code available that can do fast rotation and fully relativistic simulations because of the coupling in the perturbation equations. Our error estimate is reliable for slowly rotating models, but what about neutron stars with faster rotation? In order to answer this question, we turn to Yoshida & Kojima (1997) , where Yoshida and Kojima present a study on the accuracy of the Cowling approximation for f-modes. They write the f-mode frequency σ of a rotating star as
where σ 0 (σ R in the notation of eq. (21) in Yoshida & Kojima 1997 ) is the real part of the frequency of the f-mode for the non-rotating star, and the second term is a parametrization of the rotational correction to the l = m f-mode frequency, in terms of the azimuthal number m and ǫ = Ω/ M/R 3 (angular velocity of the star normalized by the Keplerian break-up speed).
A comparison between the σ 0 and σ ′ 0 obtained with and without the Cowling approximation is presented in figs. 1a and 1b of Yoshida & Kojima (1997) . They find that (a) the error due to the Cowling approximation only depends on M/R; (b) the behavior of the rotational correction σ ′ 0 is the same for Cowling and non-Cowling calculations; and (c) the error due to the Cowling approximation in σ ′ 0 is small. For f-modes, they find that the maximum relative error in σ ′ 0 is ≈ 1.9% (for l = 2 and M/R = 0.05). For p-modes, the maximum relative error is ≈ 1.1%. 2015) and we take the difference between the two dashed curves as our κ corr defined in eq.(3).
We must stress that the rotational corrections were calculated in the slow-rotation approximation in Yoshida & Kojima (1997) . However, our analysis of their results gives us confidence to use our error estimate for the frequencies (shown in Fig. 1 ) also for our faster rotating stars. Therefore we propose to formally substitute the first term in eq.(1) by
with κ 0 , κ corr and κ GR 0 given as in the caption of Fig. 1 . As the Cowling approximation is more accurate for r-modes than it is for f-modes, we conservatively estimate that the error we are making for our fastest rotating stars should be lower that 5%.
Rotational correction
The expression we obtained for the rotational κ 2 as a function of M/R in eq.(1) in Jasiulek & Chirenti (2017) was calculated for different polytropes with increasing compactness and fixed volumetric radius R = 14.15 km from a fit κ = a + b f 2 of our numerical data. In order to use our results for different values of R, we performed now a few simulations with fixed M/R and we found that b ∝ R 2 . This resembles the functional dependence of the second term in eq.(1), which can be explicitly written as
and it also agrees with eq. (4.11) of Lindblom et al. (1999) for Newtonian stars (including the perturbation of the Newtonian potential) 1 . We have compared our results for κ 2 with the formula given by Lindblom et al. (1999) , see Fig. 2 . Our results are nearly coincident for lower compactness (and reproduce the value for the n = 1 Newtonian polytropic star with M/R = 0.165 quoted in their Table I ), but the difference increases toward higher compactness. This is consistent with the expectation for a comparison with the perturbation equations for Newtonian stars. It is also important to note that this is one of the key ingredients responsible for the difference between our mass estimate for XTE J1751-305 and the value predicted by Andersson et al. (2014) , as can be seen in Fig. 3 and discussed below.
Differential rotation
A small amount of differential rotation could be present in neutron stars in LMXBs, and it might be relevant for the determination of the r-mode frequencies in stars with high compactness (Jasiulek & Chirenti 2017) . More specifically, r-modes (as well as accretion) could be responsible for generating differential rotation in a neutron star, but viscosity in general and magnetic braking in particular could quickly bring the star back to uniform rotation (Rezzolla et al. 2001a,b) . So how much differential rotation should be expected? It is believed that differential rotation can play an important role in the glitch phenomenon, and in sec. 4.3 of Link (2014) it is suggested that the maximum velocity difference that could be sustained in the inner crust due to vortex pinning could be ≈ rω crit ≈ 10 6 cm s −1 , and it would produce a variation ∆ f ≈ 1 Hz inside the star.
The usual parametrization of the j-const. law for differential rotation is given in terms of the dimensionless quantitŷ A (Baumgarte et al. 2000) . However, differentially rotating stars with the sameÂ but different compactness will have different values for ∆ f (Jasiulek & Chirenti 2017), which could be considered as a more realistic measure of the differential rotation of the star.
In Jasiulek & Chirenti (2017) we found a parametrization of the differential rotation correction κ 3 for neutron stars with strong differential rotation andÂ in the range [0, 0.5]. However, for a more realistic differential rotation with ∆ f 10 Hz, we must haveÂ 0.1 and in this range we find that κ 3 is best described by
where we find c = 0.27 and d = 0.33 on average for models with f = 400, 500, 600 Hz and M/R = 0.17, 0.19, 0.21 (this is the relevant range for XTE J1751-305 and 4U 1636-536, see Section 4 below for more details). However, if we choose to describe κ 3 in terms of ∆ f instead ofÂ in this range, we find to lowest order in ∆ f / f
This is the expression we will use in order to fix the physical differential rotation parameter ∆ f in our results given in the next Section 4.
NUMERICAL RESULTS FOR XTE J1751-305 AND 4U 1636-536
Now we are in possession of the best estimate for the rmode frequency as a function of the stellar compactness, radius and angular velocity, and we can use it to estimate the compactness of the two stars XTE J1751-305 and 4U 1636-536 for which it was reported that a frequency compatible with an r-mode was detected. Strohmayer & Mahmoodifar (2014a) found an oscillation with a frequency of 0.5727597 times the spin frequency of 435 Hz in the 2002 discovery outburst of XTE J1751-305. An interpretation of this frequency as an r-mode therefore implies κ = 0.5727597.
For the 4U 1636-536 star, Strohmayer & Mahmoodifar (2014b) report that they detected a coherent modulation at a frequency of 835.6440 ± 0.0002 Hz, which is 1.43546 times the stellar spin frequency of 582.14323 Hz (in the inertial frequency frame). In this case, we find κ = 2 − 835.6440/582.14323 = 0.5645388.
With these values of κ for both stars and a representative range for the neutron star radius (see Section 2.1), we can solve for M in eq.(1), including the κ corr term from eq.(3), the rotational correction κ 2 as given by Fig. 2 and a differential rotation term κ 3 consistent with a realistic differential rotation with ∆ f 1 Hz inside the star. In Fig.  3 we present our results for uniformly and differentially rotating models, and compare with the fit given by eq.(5) of Andersson et al. (2014) .
Our results for uniformly rotating stars are ≈ 15% lower than the estimate given by Andersson et al. (2014) , where the fully relativistic r-mode frequency for slowly rotating uniform density stars from Lockitch et al. (2003) was combined with the second order rotational corrections for Newtonian polytropes from Lindblom et al. (1999) . As we mentioned in Section 3.3, the main factor for this difference is our improved calculation of the rotational correction κ 2 (see Fig. 2 ). Differential rotation increases our mass estimate, but the effect is rather small: ∆ f = 10 Hz increases the total mass by only ≈ 0.02M ⊙ .
In the range 11 − 13 km for the stellar radius, we find from our results 1.41 − 1.71M ⊙ for XTE J1751-305 and 1.53 − 1.87M ⊙ for 4U 1636-536. We can use the transversal curves in Fig. 3 , which indicate M(R) for a choice of three realistic tabulated equations of state (APR4 Akmal et al. 1998, SLy Douchin & Haensel 2001 and H4 Lackey et al. 2006) to gain more insight. Each equation of state crosses our M(r) line only once, providing a unique prediction for M and R. However, we can see that H4 requires R > 13 km for both stars and is therefore less favored according to current expectations for the neutron star radius.
Combining the constraints from both the r-mode frequencies and the APR4 and SLy equations of state, we find a more restricted range of values for M and R: R ≈ 11.5−12 km and M ≈ 1.48−1.56M ⊙ for XTE J1751-305 and R ≈ 11.4−11.9 km and M ≈ 1.60−1.68M ⊙ for 4U 1636-536. However, it must be stressed here that these tight constraints are only valid if the frequencies reported in (Strohmayer & Mahmoodifar 2014a,b) are indeed core r-mode frequencies (see the discussion in Section 1).
CONCLUSIONS
Here we have explored the consequences for the mass and radius estimates of these two stars if the frequencies detected by Mahmoodifar and Strohmayer really correspond to their r-modes. We used a careful calculation of the r-mode frequency, taking into account relativistic, rotational and differential rotation corrections, as well as an estimate for the error due to the Cowling approximation, to find improved constraints on the compactness M/R of XTE J1751-305 and 4U 1636-536. Our results yield, for a representative radius of 12 km, masses of 1.55M ⊙ and 1.70M ⊙ , respectively. For XTE J1751-305, our value is approximately 15% lower than what was obtained by Andersson et al. (2014) , and we found no other estimate for the mass of 4U 1636-536 in the literature.
Differential rotation has a small effect on the mass estimates. If we allow the neutron star to have a ∆ f of 10 Hz, this produces an offset in the mass of approximately 0.02M ⊙ . This effect seems to be roughly linear in ∆ f , so a more realistic differential rotation of 1 Hz would be virtually undetectable.
We also analyzed three different realistic tabulated equations of state combined with our constraints on M/R from the r-mode frequencies. Our analysis favors more compact models. For both of our two stars we found that H4 requires R > 13 km, which is out of our representative range of ≈ 11 to ≈ 13 km (Miller & Lamb 2016) .
We used the APR4 and SLy equations of state to refine our predictions for mass and radius at the end of Section 4, and our final mass estimates are M ≈ 1.48 − 1.56M ⊙ for XTE J1751-305 and M ≈ 1.60 − 1.68M ⊙ for 4U 1636-536.
Our results can be used as an indication in favor of softer equations of state like APR4 and SLy, but they should be taken with care, especially because of the disputed nature of the (possible) r-mode frequencies that we have analyzed here. Ideally, other observations including mass and radius estimates for these stars should be compared with our results to provide more conclusive evidence, also to prove or disprove the r-mode picture as an explanation for the observed frequencies.
